Abstract. In this paper we will generalize the following well-known result. Suppose that I is an arc in the complex sphere C * and h : I → C * is an embedding. Then there exists an orientation-preserving homeomorphism H : C * → C * such that H I = h. It follows that h is isotopic to the identity.
Introduction
The question which embeddings of subcontinua of manifolds are isotopic to the identity has been extensively studied. Starting with the Schoenflies Theorem that every two simple closed curves in the plane are equivalently embedded, many papers have been devoted to a proof of this theorem and the similar result that any homeomorphism between two simple closed curves in the plane can be extended to a homeomorphism of the entire plane. See [18] for a recent proof and some history on this problem. In general strong conditions are necessary (see, for example, [8] for sufficient conditions on the existence of isotopies in higher dimensions). Bing and Starbird [3, Theorem 7.3] showed when two linear embeddings of a triangulated complex into the plane are isotopic. It was shown in [15] that an isotopy of a plane continuum h : X × [0, 1] → C, which starts at the identity, can be extended to an isotopy of the entire plane. In this paper we will give sufficient conditions for the existence of an extension of an embedding of an arbitrary continuum X in the sphere to a homeomorphism of the entire sphere. From this we will be able to conclude when such an embedding is isotopic to the identity.
Suppose X is a continuum in the sphere C * , h : X → Y ⊂ C * is a homeomorphism and U is a complementary domain of X. If we want to extend h homeomorphically over U it is clearly necessary that, given a point z ∈ X which is accessible from a complementary domain U of X, h(z) = w is accessible from a complementary domain V of Y . In other words, the homeomorphism h : X → Y must induce homeomorphismsĥ U : S 
1
V are the circles of prime ends of U and V , respectively. However, as we will show, this by itself is not sufficient. (It will follow as a corollary to our main result that this condition is sufficient if X is a locally connected continuum.)
Early results relied on the conformal theory and are especially well-suited to address the case when X is locally connected. Given a simply connected domain U in the sphere such that ∂U is a nondegenerate continuum, let ϕ U : D → U be a conformal map. In this case we can identify the unit circle S 1 U = ∂D with the circle of prime ends of U (see [14] ). We will identify points θ ∈ S 1 U by their arguments θ ∈ [0, 2π) and call them angles. If ∂U is locally connected, then ϕ U extends continuously to a map ϕ U : D → U providing a way to extend the map h over U . However, if ∂U is not locally connected, the map ϕ U is not uniformly continuous and this method is less promising. We will solve this problem by partitioning the disk into hyperbolically convex subsets G α such that the family of maps {ϕ U G α } is uniformly equicontinuous.
We denote by A U ⊂ S 1 U the set of accessible angles: the set of angles such that the corresponding external ray R θ = ϕ U ({re θ i | 0 ≤ r < 1}) lands on a point x θ ∈ ∂U (i.e., R θ \ R θ = {x θ }). We will consider the Mazurkiewicz metric ρ U on the set A U which is defined as follows: for θ, γ ∈ A U , ρ U (θ, γ) is the infimum of the diameter of arcs ϕ U (A), where A ⊂ D is an open arc from θ to γ. This notion plays an important role in our main result. As it is of independent interest as well, we will end this article by showing that A U , with the Mazurkiewicz metric, is always a separable, complete metric space. However, it can be topologically very different from a subset of the circle with the standard topology.
Throughout this paper we will assume that we are given a homeomorphism h : X → Y between two continua in the sphere. Let U and V be complementary domains of X and Y , respectively. To avoid confusion, the conformal maps to U and V , respectively, are denoted by ϕ U : D U → U and ϕ V : D V → V . Similarly, we denote the respective sets of accessible angles by
We can extend both conformal maps over the set of accessible angles A U and A V , respectively, by defining for θ ∈ A U , ϕ U (θ) = x θ (for θ ∈ A V , ϕ V (θ) = x θ ) and we denote these extensions also by ϕ U :
It is well-known [14] that A U and A V are full measure subsets of S 1 and that the extended maps ϕ U and ϕ V are not necessarily continuous. Definition 1.1. Given a homeomorphism h : ∂U → ∂V , we say that a homeomorphismĥ :
V from the prime end circle of U to the prime end circle of V is the homeomorphism induced by h or the induced homeomorphism provided that h A U : A U → A V is a bijection such that the following diagram commutes:
In this case we say that the domains U and V are corresponding complementary domains.
The following theorems are our main results. Given a sequence of subsets A n of the sphere, we say that lim A n = A ∞ provided lim d H (A n , A ∞ ) = 0, where d H denotes the Hausdorff metric on the space of closed subsets of the sphere with the spherical metric.
Preliminaries
Denote the complex plane by C, the origin by O, the open unit disk by D, its boundary ∂D by S 1 and the complex sphere by C * = C ∪ {∞}. Let X be a proper subcontinuum in the sphere and U a component of C * \X. We may assume without loss of generality that U contains the point ∞ at infinity. Let ϕ U : D U → U be a conformal map such that ϕ U (O) = ∞. We always assume that ϕ U is extended over A U ; however, this is in general not continuous.
We say that x ∈ X is accessible from U if there exists an angle α ∈ [0, 2π) such that the (conformal ) external ray R α lands on x. It is well-known that a point x ∈ X is accessible from U if and only if there exists a continuum Y ⊂ U such that Y ∩ X = {x}. Moreover, in this case ϕ We will need the following well-known facts from Carathéodory theory; see for instance [14] and [17] . Suppose U ⊂ C * is a simply connected open set containing ∞. A crosscut C of U is an open arc in U \ {∞} whose closure is a closed arc with its endpoints in ∂U . If C is a crosscut, denote its shadow by Sh(C), defined as the component of U \ C disjoint from {∞}. It is known that if C is a crosscut of U , then ϕ 
U , to which we can identify the corresponding prime end. For a prime end α and a corresponding fundamental chain {C i } we can define the impression of α by Imp(α) := Sh(C i ). Since it is known that Imp(α) does not depend on the choice of a fundamental chain, this is well-defined. The principal set of R α or α is given by Π(α) := R α \ R α . It is known that Π(α) ⊂ Imp(α) and that for each point x ∈ Π(α) there exists a fundamental chain {C i } of the prime end α such that lim C i = x. Such a family {C i } is called a defining family of crosscuts of the prime end α.
The main tool we will be using in this paper is a modification of a partition of U which is due to Kulkarni and Pinkall [12] ; see [5, 15, 4] The following theorem is due to Kulkarni and Pinkall; see [12] :
Hence F := {F (c)∩U : c ∈ C} is a partition of U into disjoint closed subsets. Let KP(c) be the collection of all nondegenerate chords in ∂F (c) and observe that their endpoints are accessible points in ∂U . Consider the collection KP := c∈C KP(c). Note that for a, b ∈ ∂U there may be uncountably many chords in KP joining a and b. We will replace the collection KP by the collection H, defined below, which has the property that for each two accessible points in ∂U there is at most one chord joining them. We denote by G(α, β) the hyperbolic geodesic in Figure 1 . The grey areas depict two hyperbolic convex hulls.
is a lamination of D U in the sense of Thurston, [19] . We modify the partition of U by, instead of KP, considering the collection
We call its elements hyperbolic leaves and a component of U \ H a hyperbolic gap. By Fokkink et al. [5] we have that for every hyperbolic leaf there is a c ∈ C such that ⊂ B(c, r(c)); however, this correspondence is no longer unique. Nevertheless, this can be strengthened to stating that the collection of hyperbolic leaves and hyperbolic gaps has essentially the same property as F as given in Theorem 2.1:
Theorem 2.2 ([5, Theorem 4.5]). For each z ∈ U there exists either a unique hyperbolic leaf ∈ H so that z ∈ , or a unique hyperbolic gap Γ generated by H so that z ∈ Γ. In particular, any two distinct hyperbolic leaves do not cross each other in U .
A part of the correspondence between balls and elements of the lamination KP remains valid for the hyperbolic lamination H; see [5, Lemma 4.1]:
It follows from Lemma 2.3 (see [5, Lemma 4.4] ) that for each hyperbolic leaf or gap F , there exists B ∈ B such that F ⊂ B. For completeness, we include a useful corollary following [5, Proposition 5.1].
Corollary 2.4. Suppose that { i } ⊂ H and suppose there are
Then there is a unique hyperbolic leaf ∈ H that contains x and, moreover,
We will also use the following well-known theorem (e.g. [17, Theorem 4 .20]).
Theorem 2.5 (Gehring-Hayman Theorem). There exists a universal constant K such that for any conformal map
The circular order < on S 1 is defined as follows. For α = β = γ ∈ S 1 we have α < β < γ, whenever following the arc from α along S 1 in the direction of increasing arguments and stopping when γ is encountered for the first time, one encounters β before γ. Definition 2.6. We say that a homeomorphismĥ : S 1 → S 1 preserves the circular order on S 1 ifĥ(α) <ĥ(β) <ĥ(γ) whenever α < β < γ in the circular order on S 1 .
Extending a homeomorphism over one complementary domain
Throughout this section we will assume that we are given a homeomorphism between two continua h : X → Y in the sphere. We may also assume that U and V are corresponding complementary domains both containing ∞. 
Given the proper simply connected subset U ⊂ C * we construct the lamination L of D U as described in the preliminaries and denote it by L U , and the corresponding collection of hyperbolic leaves H, denoted by
Let U and V be the corresponding domains of X and Y . On the two copies of the hyperbolic disk, we now change to the Cayley-Klein model. Therefore consider the homeomorphism g : D → D from the Poincaré model to the Cayley-Klein model, given in polar coordinates by g(r, θ) = (2r/(1 + r 2 ), θ). This is the identity on the boundary S 1 of D, the map g preserves radial line segments and for any two points α 1 , α 2 ∈ S 1 the hyperbolic geodesic G(α 1 , α 2 ) joining α 1 and α 2 is mapped to the straight line segment α 1 α 2 , which is the (open) Euclidean chord of the unit disk from α 1 to α 2 .
Lemma 3.3. Suppose there exists a homeomorphismĥ
: S 1 U → S 1 V induced by h ∂U : ∂U → ∂V . Then there exists a homeomorphic extensionĤ : D U → D V of h such that for every hyperbolic geodesic G(α, β) ∈ L U we have thatĤ(G(α, β)) is the hyperbolic geodesic joiningĥ(α) andĥ(β). In particular L V := {Ĥ(G(α, β)) : G(α, β) ∈ L U } forms a lamination in D V . Proof. Define E U := g(L U ),
a Euclidean lamination of the unit disk consisting of Euclidean chords. Denote the Euclidean chord from
αβ ∈ E U } and observe that this is a lamination as well, sinceĥ is a homeomorphism. We will first define a map L :
Note that L is already defined on the entire boundary of Γ. Then the image of the union of all the leaves in the boundary of Γ forms the boundary of a gap Δ of E V . Let b Δ denote the barycenter of Δ.
Define L(b Γ ) = b Δ and extend L over Γ by mapping, for each x ∈ ∂Γ, the segment
ThenĤ is the required homeomorphism.
Theorem 3.4. Suppose there exists a homeomorphismĥ
Proof. Apply Lemma 3.3 to find an extensionĤ :
U and H X := h. This is clearly a well-defined bijective extension of h. Denote the induced lamination for V by
. By T we denote a hyperbolic object that is either a hyperbolic leaf or a hyperbolic gap for H U . By the above considerations and compactness of X ∪U ⊂ C * , we only need to verify continuity of H. By construction it is clear that H U : U → V is a homeomorphism. This also holds for H T , with T a hyperbolic object (see [4] ). Hence we only have to be concerned about sequences in U lying in infinitely many distinct hyperbolic objects that converge to a point in ∂U . Without loss of generality, we can consider a convergent sequence {x n } ⊂ U with x n ∈ T n and T n = T m whenever n = m, for which x := lim x n ∈ ∂U . There are two cases:
Case one. Suppose that diam T n → 0. For each n we can find two accessible angles α n , β n with x α n and x β n in T n ∩ ∂U that can be connected by an arc whose image runs in T n \ ∂U . Hence ρ U (α n , β n ) → 0 and by the assumption of Muniformity we have that ρ V (ĥ(α n ),ĥ(β n )) → 0. This implies that there have to be arcs in D V with small images in V connecting h(x α n ) and h(x β n ), independent of the choice of α n , β n . In addition, by construction and Theorem 2.5 we find that for every choice of n ⊂ ∂T n we have diam H( n ) → 0. Note that ∂H(T n ) = H(∂T n ) (see [4] ). We conclude that diam H(T n ) → 0. Furthermore, in particular we find that if lim
Case two. Suppose that diam T n → 0. By Corollary 2.4, we may assume that lim T n = for some hyperbolic leaf ∈ H U . Moreover, we may assume that the sequence T n converges monotonically to from one side of . Denote the endpoints of ϕ −1 U ( ) by α and β. It follows that lim sup H(T n ) ⊂ Imp(ĥ(α))∪H( )∪Imp(ĥ(β)). We will first show that lim Observe that for each n, T n is located "between" L and R. We may assume that lim x n = x = ϕ U (α). Suppose lim H(x n ) = H(ϕ U (α)) and we may assume that lim H(
. This contradiction completes the proof.
We have the following corollaries. Proof. We may view X and Y as subsets of the sphere and apply Theorem 3.4 to find an extension H of h such that H : C * → C * is a homeomorphism. Then we can compose H by an orientation-preserving homeomorphism K :
Hence we obtain a homeomorphism G = K • H which extends h and fixes the point at infinity, so that its restriction to C is a homeomorphism as well and an extension of h. Sinceĥ preserves the circular order, H and thus G is orientation preserving. Hence, h is isotopic to the identity [10, Theorem 6.4]. 
Extending a homeomorphism over more than one complementary domain
As in the previous section we will assume that we are given a homeomorphism between two continua h : X → Y in the sphere. Definition 4.1. Suppose that U n and V n are corresponding domains,ĥ n :
are homeomorphisms and ρ U n and ρ V n are Mazurkiewicz metrics on A U n and A V n . Then we say that the family {ĥ n : S
for every n and if there exists a homeomorphic extension H on X∪ U n of h, then the family {ĥ n } is uniformly equicontinuous in the Mazurkiewicz metric. 
Theorem 4.3. Let X and Y be two continua in the sphere and suppose there exists a homeomorphism h : X → Y . Suppose that there exists a bijection ψ between the complementary components of X and Y such that whenever U n is a component of
and H n X := h. Observe that composing by Möbius transformations we can treat all complementary domains in a similar fashion. It is clear that each H n is a homeomorphism. Put H = H n . If X has only finitely many complementary domains we are done. If not, it remains to be established whether H is continuous on a sequence {x i } → x ∈ X with x i ∈ U n i and n i = n j whenever i = j. Let T n i denote the hyperbolic object (either a leaf or a gap) generated by the lamination H U n i of U n i for which x i ∈ T n i . By Lemma 2.3, there exists a maximal ball (though possibly not unique) B n ⊂ U n i with T n i ⊂ B n . Clearly, diam B n → 0; hence also diam T n i → 0. Thus we may replace our sequence {x i } by a sequence {x i }, where x i ∈ i ⊂ ∂T n i . Now since diam i → 0, we have for the angles α i , β i corresponding to the endpoints of i that ρ U n i (α i , β i ) → 0 and hence, by the assumption,
. By construction and Theorem 2.5 we have that diam H( i ) → 0; hence H(lim x i ) = H(lim x i ) = H(x).
In fact, we now obtain a homeomorphism H :
We have the following corollaries.
Corollary 4.4. Let X and Y be two continua in the sphere and suppose there exists a homeomorphism h : X → Y . Suppose that there exists a bijection ψ between the complementary components of X and Y such that whenever U n is a component of
between the circles of prime ends of U n and V n , respectively. In addition, assume there exists an n 0 for whichĥ n 0 preserves the circular order. Furthermore, assume the family of the maps {ĥ n } is uniformly equicontinuous in the Mazurkiewicz metric. Then h is isotopic to the identity. 
between the circles of prime ends of U n and V n , respectively. In addition, assume there exists an n 0 so thatĥ n 0 preserves the circular order. Then h is isotopic to the identity on X. 
] tends to zero. Starting at α, but going in the opposite direction, we can find angles α = α 0 > δ 1 > α 1 > δ 2 > α 2 . . ., with ϕ U (δ i ) = x δ i and ϕ U (α i ) = x α so that the image of the arcs [α i−1 , α i ] wraps around the hair with endpoints x δ 1 and x α respectively. We find that {δ i } and {α i } converge to the same angle as {γ i }; however, note that the ray that corresponds to this particular angle does not land.
Observe that for Y , we find that ϕ V behaves analogously. Here we can find an angle α = α 0 and sequences of angles {β However, the functionĥ is not M-uniform. Indeed, denote by θ i the angle in 
, induced by h ∂U n that are also homeomorphisms with respect to the Mazurkiewicz metrics. By compactness, we even have uniform continuity on each domain. However, the uniformity condition on all domains simultaneously fails. Suppose that U i is in the ith rectangle. Then there are angles β
Since the family {ĥ n } is not uniformly equicontinuous in the Mazurkiewicz metric, h cannot be extended to a homeomorphism of the sphere.
The Mazurkiewicz metric
We now consider a proper, simply connected open subset U and the conformal map ϕ U : D U → U as discussed in the preliminaries. We will identify the (entire) unit circle S Denote the standard Euclidean topology on S 1 U by T E and the topology induced by the Mazurkiewicz metric by T M . We will show that T E ⊂ T M and that S 1 U , with the topology T M , can contain an uncountable discrete subset. Nevertheless we will show that the subspace (A U , T M ) is always a separable and complete metric space (see [9, 16] for related results). Since the space (A U , T M ) of accessible angles can contain a one-dimensional totally disconnected subspace, the topology T M on A U is very different from T E . It is well-known that ρ U is a metric. Hence the easy proof of the following lemma is omitted.
We will list some observations regarding the Mazurkiewicz metric and angles that correspond to accessible points and two examples. Example 5.4. The unit circle equipped with the Mazurkiewicz metric is not necessarily separable. In the light of Lemma 5.3, it suffices to provide an example of a continuum for which uncountably many angles are not accessible angles. A special embedding of the pseudo-arc P in the plane has the property that any two distinct accessible points are in distinct composants (i.e. no proper subcontinuum X of P contains more than one accessible point); cf. [13] . Now let P be that continuum and U = C \ P ∪ {∞}. Let C be any crosscut of P . Then P ⊂ Sh(C), for if this is not the case, then this crosscut would enable us to find a proper subcontinuum of P containing two accessible points. Hence all impressions are equal to P . It now follows from a theorem of Collingwood [7] that the set of angles whose principal set is P is a dense, second category subset of S such that y n ↑ x, y n ↓ x and lim l(y n ) = lim l(y n ) = l(x). Let U be the unbounded complementary domain of X and let ϕ : D → U ∪ {∞} be a conformal map. In this case it is easily verified that the set of accessible angles A = S 1 , but we will show that (A, ρ U ) is homeomorphic to the subset of the plane of all accessible points in ∂U . Indeed, the map α → ϕ(α) is a bijection, and it is clear that whenever α n → α in the Mazurkiewicz sense, so that there are arcs J n joining α n and α with diam ϕ(J n ) → 0, then also x α n → x α in the plane. To establish continuity of the inverse map, suppose that x α n → x α , but for some ε > 0 and all arcs J n connecting α n and α we have that diam ϕ(J n ) > ε. Let x, x n ∈ S 1 be the unique points for which x α n = (1 + l(x n ))x n and x α = (1 + l(x))x. In particular, x n → x in the usual topology on S 1 . By the property for arcs connecting α n and α, there also exist y n ∈ S 1 so that l(y n ) ≥ l(x) + ε and with y n → x. Since by upper semicontinuity the set {y ∈ S 1 : l(y) ≥ l(x) + ε} is closed in S 1 , we find that x is in the set and hence l(x) ≥ l(x) + ε, a contradiction.
The subspace of the plane consisting of endpoints of hairs {(1 + l(x))x : x ∈ S 1 and l(x) > 0} is homeomorphic to complete Erdős space (the subspace of 2 , all of whose coordinates are irrational) according to [11] . Since that space is totally disconnected, yet one dimensional, the usual topology on the circle and the topology generated by the Mazurkiewicz metric do not necessarily coincide, even when all external rays land.
Let X be the Hairy Circle constructed above and let h, k : X → C be any two embeddings of X in the plane such that in both cases the boundary of the bounded complementary domain of h(X) and of k(X) is a circle. Then it follows from Theorem 4.3 that the homeomorphism h•k −1 : k(X) → h(X) can be extended over the sphere and any two such continua are equivalently embedded in C.
Lemma 5.6. The Mazurkiewicz metric is complete.
Proof. Suppose we are given a sequence of angles (α i ) i∈N that is Cauchy with respect to the Mazurkiewicz metric. We may assume that the sequence (α i ) is not constant and, hence, diam(Π(α i )) → 0. Then we can find a subsequence (α i j ) j∈N and arcs J j from α i j to α i j+1 such that diam ϕ U (J j ) < 2 −j and lim α i j = α in T E . Assume i j = j for all j. Put P n = j≥n J j and ϕ U (P n ) = P n . Then diam(P n ) → 0, and we may assume that lim P n = x. If x / ∈ ∂U , we would be able to find an open neighbourhood N of x in the sphere such that N ∩ ∂U = ∅, which is impossible since for some m ∈ N we have that P m ⊂ N . We can approximate each P n by an open arc A n whose closure is an arc joining the points α n and α such that
Note that by Lemma 5.3, the subspace A U of (S Note that we do not intend to show that the topology is strictly stronger. Indeed, take X = S 1 . It follows from Corollary 2.4 that if H n := { ∈ H | diam( ) ≥ 1/n}, then the collection H * n of the closures of all hyperbolic leaves in H n is a compact subset of the hyperspace of closed subsets 2 C * of the sphere. Hence there exists a countable collection C n of hyperbolic leaves in H n such that the closure of every hyperbolic leaf in H n is the limit of a sequence of hyperbolic leaves in C n . Let L n be the collection of all leaves of the form ϕ −1 U ( ) for ∈ C n and let E be the set of all endpoints of leaves in n L n .
Proof. If α /
Then E is a countable subset of A U . We claim that E is dense in A U \ J. To see this choose θ ∈ A U \ J. If ϕ U (θ) is the endpoint of a hyperbolic leaf ∈ H, then there exist n and a sequence i ∈ C n such that lim i = . Hence one endpoint, say x i of i , must converge to ϕ U (θ). Note that if the hyperbolic leaf i is contained in the maximal ball B i , then lim B i = B is a maximal ball containing (see [5, Section 4] ). It now follows easily that ϕ
−1
U (x i ) must converge to θ in the Mazurkiewicz metric. On the other hand, suppose that ϕ U (θ) is not the endpoint of any hyperbolic leaf in H. Consider the external ray R θ which runs from ∞ to ϕ U (θ) = x θ . By Theorem 2.2, there is either a single hyperbolic gap Γ of H which contains a terminal segment of R θ , or there exists a sequence of hyperbolic leaves i ∈ H such that lim i = x θ . In the latter case, since each i is approximated by hyperbolic leaves in some C n , there exists a sequence of points θ i ∈ E such that θ = lim θ i . In the first case, since θ ∈ A U \ J, ϕ U (θ) is not the endpoint of a hyperbolic leaf and x θ is contained in the closure of a single hyperbolic gap Γ, there exists a countable sequence of hyperbolic leaves i ⊂ ∂Γ which converges to ϕ U (θ). By construction of the collections C n , the hyperbolic leaves i are approximated by hyperbolic leaves from n C n . It now follows easily that also in this case there exists a sequence of points θ i ∈ E such that θ = lim θ i in the Mazurkiewicz metric. This completes the proof.
